Mickelsson defined a group 2-cocycle on C ∞ (D; G) and constructed a smooth central extension on a loop group LG, called the affine KacMoody central extension. We reformulate this central extension theory in the terms of the seven-term exact sequence for cohomology groups for discrete groups.
Introduction
Let G be a compact, connected, simply-connected, simple Lie group. Denote by LG a (free) loop group C ∞ (S 1 ; G) with pointwise product. There exists a for g ∈ G D , h ∈ G D S 1 and λ ∈ R/Z ∼ = U (1). A group structure on P is given by (g, λ)(h, µ) = (gh, λ + µ + C(g, h)) for g, h ∈ G D and λ, µ ∈ U (1). This product on P is well-defined since the following equation holds:
The infinitesimal version of group 2-cocycle C :
for X, Y ∈ g D . This Lie algebra 2-cocycle defines a Lie algebra 2-cocycle c : Lg × Lg → R on a loop algebra Lg = C ∞ (S 1 ; g), and a Lie algebra central extension on Lg associated with this 2-cocycle is well-known as the affine Lie algebra or the Kac-Moody algebra on the Lie algebra g. Therefore the Lie group P is also called the Kac-Moody group on the Lie group G. With respect to a group short exact sequence 1 → G
LG → 1, we have an exact sequence of group cohomology called the seven-term exact sequence:
We can rephrase the Mickelsson's 2-cocycle C with the group 1-cochain Λ and the universal central extension P on the loop group LG in terms of the above seven-term exact sequence.
Theorem 1.1. The cohomology class associated with the universal central extension P on LG is in the fourth term, and it is sent to one of the Mickelsson's 2-cocycle C in the fifth term. Furthermore, equation 1.1 implies that the class of C in the fifth term vanishes in the sixth term.
This paper is organized as follows. In section 2, we recall the definition and some properties of the cohomology theory for groups. It is known that the low-dimensional cohomology group for groups has the another definition. There is a bijection between the second cohomology group for groups and group extensions, in particularly, central extensions. In section 3, we introduce exact sequences with respect to a group short exact sequence. For the group short exact sequence, there is a spectral sequence of cohomology groups for groups, called the Lyndon-Hochschild-Serre (LHS) spectral sequence. We obtain an exact sequence of low-dimensional cohomology groups for groups, called the five-term exact sequence, and we can improve this sequence to the seven-term exact sequence. In section 4, we briefly review a construction of the universal central extension on a free loop group due to Mickelsson. In section 5, we show what the Mickelsson's construction means in terms of the seven-term exact sequence for a group short exact sequence.
The group cohomology and the group extensions
In this section, we recall the definition and some properties of cohomology theory for groups. Let G be a group and A be an Abelian group. Assume that A has a right G-action that is written by a.g ∈ A for a ∈ A and g ∈ G.
Definition 2.1. The group cochain complex (C * (G; A), δ) with coefficients in A is given by the pair
where a group p-cochain c : G p → A is an arbitrary function on the p-tuple product of G and where the coboundary δ is defined to be
Denote by H * (G; A) the cohomology group of C * (G; A), called the group cohomology of G with coefficients in A.
Denote by C p (G; A) N the group of the normalized group p-cochains c : G p → A which are group p-cochains such that c(g 1 , . . . , g p ) = 0 whenever one of the g i is equal to 1. As can be seen easily, if c is a normalized cochain then δc is so. Then (C p (G; A) N , δ) is a subcomplex of C * (G; A). As is well known, the cohomology of the normalized group cochain complex C * (G; A) N coincides the one of the ordinary group cochain complex C * (G; A).
for g, h ∈ G, so that, f is a homomorphism. On the other hand, for any 0-cochain c ∈ C 0 (G; A), its coboundary is δc(g) = c.g − c = 0 for g ∈ G. This implies that all of the group 1-coboundaries are trivial. Then the first cohomology group H 1 (G; A) is just the group of homomorphisms Hom(G, A).
As with the first cohomology, there is an alternative definition for the second cohomology groups. We recall group extensions and central extensions.
Definition 2.3. Let A, Γ and G be arbitrary groups. A group extension Γ of G by A is a short exact sequence of groups:
Furthermore, Γ is a central extension if A → Γ factors through the center of Γ.
Consider the group extension Γ of G by an Abelian group A:
In fact, this group action is independent of the choice of section s.
For
Then we can define a group 2-cochain χ ∈ C 2 (G; A) as the following:
It is easy to check that χ ∈ C 2 (G; A) is a group 2-cocycle and that its cohomology class [χ] ∈ H 2 (G; A) is independent on the choice of section s : G → Γ, so that, the class depends only on the group extension. If a section s : G → Γ is a homomorphism then the corresponding 2-cocycle χ ∈ C 2 (G; A) is obviously trivial. This implies that the splitting extension has the trivial extension class. The following is well known. Proposition 2.5 (see Brown [1] ). Let G be a group and A be a G-module. The second cohomology group H 2 (G; A) is to the equivalence classes of central extensions of G by A;
Example 2.6 (the universal covering of the circle diffeomorphisms.). Set Diff + (S 1 ) the group of orientation-preserving diffeomorphisms on the circle S 1 . Let H be the universal covering group of Diff + (S 1 ). Then we obtain a central ex-
By the inclusion Z → R, we extend this central extension to the central extension by R:
As is well known, the extension class e(H R ) is given by the formula
Definition 2.7. Let G be a group and A be a G-module. For a p-cochain c : G p → A and a q-cochain c :
It can be seen immediately that the cup product c ∪ c is a cocycle if two cochains c and c are cocycles, so that, we can define cup product on cohomology groups. Proposition 2.8. Let G be a group, V and A be G-modules. Take a group 1-cocycleθ : G → V and a G-equivariant bilinear form ω : V ⊗ V → A. Then a group 2-cochain ω(θ ∪θ) : G × G → A is a group 2-cocyle.
Proof. According to G-equivariance of ω, the bilinear map ω is compatible with the group coboundary δ. Hence we obtain δω(θ ∪θ) = ω(δ(θ ∪θ)) = ω(δθ ∪θ −θ ∪ δθ) = 0.
Example 2.9. Recall the group of orientation-preserving diffeomorphisms Diff + (S 1 ) on the circle S 1 . Define a group 1-cocycle :
; R/Z) is well-known as the Bott-Virasoro cocycle (see ).
3 The LHS spectral sequence and the five/seventerm exact sequence
In this section, we introduce the Lyndon-Hochschild-Serre spectral sequence and the five-(or seven-)term exact sequence. We consider group cochain complexes as normalized ones through this section. Let G be a group, N be a normal subgroup of G, and A be a G-module. Then there is a group extension:
We define a filtration (C * p ) p∈Z of the complex C * (G; A) as follows:
and for 0 < p ≤ q, we set C q p the group of q-cochains c ∈ C q (G; A) such that f (g 1 , . . . , g p ) = 0 whenever (n − j + 1) of the arguments belong to N . We can check δ(C * p ) ⊂ C * p easily. This filtration defines a spectral sequence E p,q r , called the Lyndon-HochschildSerre spectral sequence for the group extension: 
There exists an isomorphism
and the differential d 1 corresponds to the group coboundary map δ G/N : (N ; A) ). (N ; A) ).
3. This spectral sequence E p,q r converges to H p+q (G; A), that is, there is an isomorphism
Sketch of proof. Suppose c ∈ C p+q (G; A). Let σ be a (p, q)-shuffle, that is, σ is a permutation of (1, . . . , p + q) such that σ(1) < · · · σ(p) and σ(p+1) < · · · < σ(p+q). We define c σ ∈ C p+q (G; A)
where
Finally, we define a homomorphism ϕ :
Denote by A N the subgroup of A consisting of all of G-invariant elements. It is easy to check that H 0 (N ; A) is isomorphic to A N . For a group p-cocycle c ∈ C p (G/N ; A N ), we define a new cocycle c ∈ C p (G/N ; A) by composing with natural projections G → G/N and a natural inclusion A N → A; c :
This correspondence define a homomorphism inf :
, which is called the inflation homomorphism.
On the other hand, an inclusion map N → G induces a homomorphism res : H q (G; A) → H q (N ; A). It is easy to check that the homomorphism res factors through the G-invariant part of H q (N, A). This homomorphism res : (N ; A) ) is called the restriction homomorphism.
Proposition 3.3 (Hochschild-Serre [3] ). Let 1 → N → G → G/N → 1 be a group extension and A be a G-module. Then there exists a group exact sequence
This exact sequence is called the five-term exact sequence or the inflationrestriction exact sequence for a group extension 1 → N → G → G/N → 1. In general, given the spectral sequence converging to some cohomology group, it is well known that there is an exact sequence called the five-term exact sequence.
Moreover, the five-term exact sequence can be extended to the seven-term exact sequence. 
Suppose that a group 2-cocycle C : G × G → A and a group 1-cocycle Λ : N → A satisfy C| N = −δΛ. Then we define a map ρ(C, Λ) :
This map defines the fifth homomorphism ρ : Ker(res) → H 1 (G/N ; H 1 (N ; A)) (see Dekimpe-Hartl-Waures [2] ).
Construction of the Kac-Moody central extension due to Mickelsson
In this section, we review the construction of the universal central extension on a free loop group due to Mickelsson [5] . Put G = SU (2) . Denote by LG a free loop group C ∞ (S 1 , G), and set
which consists of all base point-preserving smooth maps from the 2-sphere S 2 to G. Mickelsson [5] constructed a central U (1)-extension on LG which is the universal central extension on LG. We shall start a group 2-cocycle on G D .
Definition 4.1 (the Mickelsson's 2-cocycle [5]). A group 2-cochain
with coefficients in R.
Recall that an additive group of the Lie algebra g-valued 1-forms Ω 1 (D; g) on the 2-disk D is a right G D -module by right adjoint action. We define a
and a group 1-cocycleθ :
where θ ∈ Ω 1 (G; g) is the Maurer-Cartan 1-form on G. Then we obtain
and it follows that the cochain C is a 2-cocycle by proposition 2.8. For a smooth mapḡ : B → G from the 3-ball B = {x ∈ R 3 | x ≤ 1} to the group G, put
Recall that a cohomology class of
. It follows that, if two smooth mapsḡ,ḡ : B → G take the same value on the boundary ∂B = S 2 , then Λ(ḡ) − Λ(ḡ ) ∈ Z. Hence Λ(ḡ) mod Z depends only on g =ḡ| ∂B=S 2 : S 2 → G, so that, we obtain a group 1-cochain Λ :
Proof. By the invariance of trace under the adjoint action and the cyclic permutations, we have
Recall that Maurer-Cartan 1-form θ satisfies that dθ + θ ∧ θ = 0. Therefore, we obtain
This implies that the proposition is proven.
Furthermore, by directly calculation, we can obtain that, for g ∈ G D and
We will construct a principal U (1)-bundle P on LG, and show that the space P have a group structure (see Mickelsson [5] ). We regard the unitary group U (1) as the additive group R/Z. Consider the product space G D ×U (1) with the equivalence relation for g, h ∈ G D and λ, µ ∈ U (1). Equation 4.1 implies that this product is well-defined on P .
As above, we obtain a central U (1)-extension on the loop group LG: LG has the non-trivial topology, so that, the group 2-cocycle corresponding the Kac-Moody central extension on LG is not smooth.
The Kac-Moody central extension in the seven-term exact sequence
We consider the situation of the last section. We showed the Mickelsson's 2-cocycle on the group G D and the Kac-Moody central extension P on the loop group LG in the last section. We can rephrase them in terms of the seven-term exact sequence for the group short exact sequence 1 → G 
